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We present a semi-dynamic subduction zone model in a three-dimensional spherical shell. In this model,
velocity is imposed on the top surface and in a small three-dimensional region around the shallow plate boundary
while below this region, the slab is able to subduct under its own weight. Surface plate velocities are given by
Euler’s theorem of rigid plate rotation on a sphere. The velocity imposed in the region around the plate boundary
is determined so that mass conservation inside the region is satis ed. A kinematic trench migration can be easily
incorporated in this model. As an application of this model, mantle ow around slab edges is considered, and we
nd that the effect of Earth curvature is small by comparing our model with a similar one in a rectangular box,
at least for the parameters used in this study. As a second application of the model, mantle ow around a plate
junction is studied, and we nd the existence of mantle return ow perpendicular to the plate boundary. Since
this model can naturally incorporate the spherical geometry and plate movement on the sphere, it is useful for
studying a speci c subduction zone where the plate kinematics is well constrained.
Key words: Semi-dynamic model, subduction zone, 3D sphere, mantle ow.
1. Introduction
Roughly speaking, there are two types of approaches to
modeling subduction zones. One is to impose the veloc-
ity and the geometry of the plate in advance, an approach
that has been used for a long time (e.g., McKenzie, 1969;
Kneller and van Keken, 2007, 2008). The other is to calcu-
late slab movement more or less dynamically (e.g., Billen
et al., 2003; Billen and Hirth, 2005; Schellart et al., 2007;
Morra et al., 2009). Both approaches have advantages and
disadvantages. Conceptually, fully dynamic models are
undoubtedly preferable but this approach is justi ed only
when we know the rheology of plate well enough. In addi-
tion, even if we know such a rheology, it is often dif cult
to apply this model to the speci c subduction zone, since
we cannot control the velocity and geometry of subduction
zones. However, it is a useful technique to study the general
characteristics of subduction zones.
On the other hand, using the kinematic approach, we
can construct models that incorporate the present velocity
and geometry of speci c subduction zones to compare the
models with observations. The demerit is that this kind of
model may miss some important dynamics of subduction,
such as the change in plate boundaries and trench curvature
with time (Schellart et al., 2007). Thus, we believe that
these two types of approaches are complementary to each
other and that an understanding of both type of approaches
will lead to further understanding of subduction zones.
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The philosophy of imposing velocity on some part is not
as novel as mentioned above. But, in reality, it is not so
easy to construct models based on it because it is dif cult to
nd an appropriate velocity distribution to impose. Because
of simpleness, this type of model has been constructed in
the two-dimensional (2D) case since the early days of plate
tectonics, but 3D modeling is a recent development (e.g.,
Kneller and van Keken, 2007, 2008; Honda, 2009). Kneller
and van Keken (2007, 2008) imposed the velocity of the
whole subducting plate in a rectangular box to study the 3D
ow of the curved subduction zone. Honda (2008, 2009)
constructed a model somewhat between kinematic and dy-
namic models in a rectangular box. The velocity on the
surface and the small region surrounding a shallow plate
boundary are given a priori. The velocity imposed in the
plate boundary region is determined so that mass conser-
vation inside the region is satis ed under the assumption
that the relative velocity of oceanic subregion with respect
to continental subregion is parallel to the plate boundary.
Deeper ow is affected by the slab density. The model can
include the trench migration kinematically.
In this paper, we show that we can extend the same con-
cept of Honda (2008, 2009) to more realistic geometry (i.e.,
cylindrical and spherical geometry) and show some exam-
ples of the applications for the case of spherical geometry.
2. General Model Descriptions
2.1 Basic equations
The basic equations used in this study are common in the
eld of mantle convection studies. Under the assumptions
of an incompressible viscous uid, negligible inertia and
the Boussinesq approximation, the basic equations to be
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Table 1. The symbol used in this study and its meaning and value.
Symbol Meaning Value
v Velocity
vi i-component of velocity
τ(τi j ) Deviatric stress tensor
p Pressure
ρ Density
g Gravitational acceleration 10 m/s2
ei Unit vector in i-direction
η Viscosity
ρ0 Reference density 4000 kg/m3
α The coef cient of thermal expansion 3 × 10 −5 /K
T Temperature
κ Thermal diffusivity 10 −6 m2/s
ωA Angular velocity of plate A See text.
ωB Angular velocity of plate B See text.
VAS Speed of plate A at θ = 90◦ in spherical geometry See text.
VBS Speed of plate B at θ = 90◦ in spherical geometry See text.
VC Velocity component on the continental subregion See text.
VO Velocity component on the oceanic subregion See text.
r0 Minimum r of the boundary region See text.
r1 Maximum r of the boundary region See text.
θ0 Minimum θ of the boundary region See text.
θ1 Maximum θ of the boundary region See text.
φ0 Minimum φ of the boundary region See text.
φ1 Maximum φ of the boundary region See text.

r Radial distance of a nite volume See text.

θ Inclination of a nite volume See text.

φ Azimuth of a nite volume See text.
φtrench The position of trench See text.
η0 Reference viscosity See text.
E Activation energy 210 kJ/mol
R Gas constant 8.314 J/K/mol
solved are given by (the meanings of symbols and physical
properties are summarized in Table 1),
∇ · v = 0 (Mass conservation) (1)
∇ · τ − ∇ p = −ρgez (Equation of motion), (2)
τ = η {(∇v) + (∇v)T } (Constitutive relation), (3)
ρ = ρ0(1 − αT ) (4)
(Equation of state: Boussinesq approximation),
∂T
∂t
+ v · ∇T = κ∇2T (5)
(Energy equation with constant thermal conductivity
and no internal heating).
These equations are discretized using nite volumes and
they are solved by the program StagYY (Tackley, 2008)
which is modi ed to include plate-like features as described
below. Other details are described in the section of exam-
ples.
2.2 Implementation of subduction-like features
In the following discussion, the “north” of the spherical
coordinate system corresponds to the axis of rotation and
the convergence of each plate is perpendicular to longitude,
that is, the axes of both plate rotations are the same.
In order for the slab to subduct at a given angle in the
r (radius)-φ (longitude) plane, we impose the velocity in-
side a small region around shallow plate boundary, which
we hereafter call the ‘boundary region’ (Fig. 1). Figure 1
shows a θ (colatitude)—slice of the boundary region and
its surroundings. The top surface is divided into two plates
(plates A and B), and each plate velocity is constrained by
the rigid rotation given by
⎧⎨
⎩
VA = r1ωA sin θeφ = VAS sin θeφ
VB = r1ωB sin θeφ = VBS sin θeφ
, (6)
where r1 is the radius of the Earth, θ is the colatitude mea-
sured from the north pole, ωA and ωB are the angular ve-
locities of plates A and B, respectively. VAS(= r1ωA) and
VBS(= r1ωB) are the surface speeds at θ = 90◦ of the plates
A and B, respectively. Equation (6) means that we can nat-
urally incorporate the variation of plate velocity along the
trench by considering spherical geometry.
The velocity inside the boundary region is determined
as follows. The boundary region can be divided into two
subregions: the continental subregion (upper right region
of Fig. 1) and the oceanic subregion (lower left region of
Fig. 1). De ning VC and VO as the velocity inside each
subregion, we assume that their horizontal components are
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Fig. 1. Schematic view of the boundary region around the trench. The region extends from r0 to r1 (r -direction), from θ0 to θ1 (θ -direction), and from
φ0 to φ1 (φ-direction). The region is divided into two subregions (oceanic subregion and continental subregion) and a different velocity is imposed
on each subregion (VO for oceanic subregion and VC for continental subregion). A ﬁnite volume whose size is 
r (r -direction) × 
θ (θ -direction)
× 
φ (φ-direction) and whose center is on the boundary (rPB, θPB, φPB) is also shown.
those of the rigid body rotation associated with each plate
movement rωA sin θ (continental subregion) and rωB sin θ
(oceanic subregion) where r is the radius. It may be a good
ﬁrst order approximation to assume that the radial (vertical)
component of VC is zero, that is, the continental plate cannot
subduct. Thus, VC and VO are expressed as⎧⎨
⎩
VC = rωA sin θeφ
VO = Vrer + rωB sin θeφ
, (7)
where Vr is r -component of VO. In order to determine
Vr = Vr (r, θ, φ), mass conservation is considered. Note
that mass conservation in the continental subregion is al-
ready satisﬁed by the above equation. The plate boundary
is placed so that it passes the vertex as
rPB = r0 − r1
φ1 − φ0 (φPB − φ1) + r0, (8)
where (ri , φi )(i = 0, 1) is the radial and longitudinal co-
ordinate that characterizes the size of the boundary region,
and the subscript ‘PB’ implies the plate boundary.
First, we consider mass conservation in the ﬁnite volume
along the plate boundary. The plate boundary is required
to intersect all the ﬁnite volumes along the plate boundary
at their vertices, which means that the number of ﬁnite
volumes in the ‘boundary region’ is the same in the r -
and φ-directions. This means that the shape of the ﬁnite
volumes in the ‘boundary region’ determines the subduction
angle imposed. Consider one of those ﬁnite volumes as
shown in Fig. 1. Considering that the velocity is uniform
on each plane of the volume, mass conservation in this
volume, whose size is 
r (radius) × 
θ (colatitude) × 
φ
(longitude), is given by
(rPBωA sin θPB)rPB
r
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r/2)2



















(ωA − ωB). (10)
Below this plate boundary shown by the shadowed area
in Fig. 1, we consider only the mass balance in the radial
direction since the horizontal component of the velocity
does not change with φ. This is given by
Vr (r, θPB, φPB)r
2
= VrPB(rPB − 
r/2, θPB, φPB)(rPB − 
r/2)2 (11)
or







r/2, θPB, φPB). (12)
This is because the area perpendicular to the radial direction
is proportional to r2.
Finally, from Eqs. (8), (10) and (12), we have

















(ωA − ωB). (13)
Therefore, the velocity imposed in the boundary region









































· r1 − r0
φ1 − φ0 (ωA − ωB)er + rωB sin θeφ
. (15)
Note that Eq. (15) also means that, at the plate boundary,
the relative velocity of the oceanic subregion viewed from
the continental plate is parallel to the direction of the plate
boundary. Based on the same concept, we can also obtain






φ1 − φ0 (φ − φ1) + r0
r
· r1 − r0
φ1 − φ0 (ωA − ωB)er + rωBeφ
, (16)






Thus, this method is considered to be a natural extension
of that used by Honda (2008, 2009) in a rectangular geom-
etry.
The position of the trench, de ned by the surface expres-
sion of plate boundary and expressed as an arbitrary func-
tion of θ , φtrench(θ, t), moves in the φ-direction as
φtrench(θ, t) = φtrench(θ, 0) + ωAt. (18)
3. Examples
3.1 Flow around slab edges: convergent-transform
fault boundary
3.1.1 Model As a rst example of application of the
model, ow around slab edges, that is, a convergent-
transform fault boundary as studied by Honda (2009) for
a rectangular box, is considered. A schematic view of the
model is shown in Fig. 2(a). The model is tuned to be simi-
lar to that of Honda (2009), and it covers the region 5370 ≤
r(km) ≤ 6370, 85.5 ≤ θ(◦) ≤ 94.5,−13.5 ≤ φ(◦) ≤ 13.5.
Thus a depth extent of 1000 km and a horizontal extent of
about 3000 km (φ-direction) × 1000 km (θ-direction) is
considered. Initially, the trench is located at φ = 0◦ and
90 ≤ θ(◦) ≤ 94.5, and the transform fault is located at
−13.5 ≤ φ(◦) ≤ 0 and θ = 90◦. The size of the boundary
region is 100 km (r -direction) × 4.5◦ (θ -direction) × 0.9◦
(φ-direction), and this means that the angle of subduction
near the surface is ∼45◦. The top boundary condition for
temperature is T = 0. The bottom boundary conditions for
velocity and temperature are permeable (vθ = vφ = 0 and
τrr = 0) and no vertical conductive heat ux (∂T/∂r = 0),
respectively. The boundary condition on the walls perpen-
dicular to the θ -direction is impermeable free slip for ve-
locity and no horizontal conductive heat ux for tempera-
ture (vθ = τθφ = τrθ = 0, ∂T/∂θ = 0). The boundary
condition on the walls perpendicular to the φ direction is
vr = vθ = ∂p/∂φ = 0 for velocity and pressure, and no
horizontal conductive heat ux (∂T/∂φ = 0) for tempera-
ture. These boundary conditions are equivalent to those of
Honda (2009) for a rectangular box. The Newtonian vis-
cosity η is given by










1 (5960 < r (km) ≤ 6370)
10 (5710 < r (km) ≤ 5960)
100 (5370 ≤ r (km) ≤ 5710)
(20)
and η0 is set such that the viscosity at T = 1300◦C is
1020 Pa·s with h = 1 (Honda, 2009). The maximum and
minimum viscosity are set to 1017 Pa·s and 1023 Pa·s, re-
spectively. The initial temperature is given by a half-space
cooling model, that is,








where z is the depth and Tm = 1300◦C. tage is set to 25 Myr
(under the plate A) and 120 Myr (under the plate B).
The number of nite volumes used is 128 (r -direction)
× 128 (θ -direction) × 384 (φ-direction). Resolution tests
have been performed for a 2D model. It is desirable to
check the effect of resolution in three dimensions. How-
ever, since a 3D calculation with higher resolution requires
an impractical amount of computer time, we made tests for
a 2D model. Since the geometry of our model is complex,
we used a simple successive overrelaxation method to solve
the equations of motion. Figure 3 shows the effect of res-
olution on the results. The number of nite volumes used
in the calculation shown in Fig. 3(b) is doubled in both the
r - and φ-directions (256 × 768) compared to that shown in
Fig. 3(a) (128 × 384). Results show that although minor
differences can be seen, the overall behavior is similar be-
tween these cases. Thus, this supports the adequacy of the
resolution used in this study.
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Fig. 2. (a) Schematic view of the model of a convergent-transform fault boundary. The dimension of the region is 1000 km (r -direction) ×
9◦(θ -direction) × 27◦(φ-direction). The velocities VA and VB are imposed on the plates A and B, respectively. A detailed view of the boundary
region where velocity is imposed is shown in Fig. 1. The dimension of the boundary region is 100 km (r -direction) × 4.5◦(θ -direction) ×
0.9◦(φ-direction). (b) Schematic view of the model around a plate junction. The dimension of the region is 1000 km (r -direction) × 10.8◦(θ -direction)
× 18◦(φ-direction).
Fig. 3. The effect of the number of ﬁnite volumes on results for a 2D case. Temperature and velocity ﬁeld are shown. The number of ﬁnite volumes
used is (a) 128 (r -direction) × 384 (φ-direction) and (b) 256 (r -direction) × 768 (φ-direction). The time elapsed from the start of calculations is
shown on the bottom-left corner of each ﬁgure.
3.1.2 Results Figure 4 shows the results of three
cases with a convergent-transform fault boundary for spher-
ical shell geometry. (VAS, VBS) used in the calculations
in Fig. 4(a, b, c) are (−7.5 cm/y, 0 cm/y), i.e., retreating
trench, (0 cm/y, 7.5 cm/y), i.e., ﬁxed trench, and (7.5 cm/y,
15.0 cm/y), i.e., advancing trench, respectively. We can see
from this ﬁgure that the subduction angle becomes gentler
as the trench retreats, and it becomes steeper as the trench
advances.
Figure 5 shows cross-sectional views at depths of 200
and 400 km for the cases of retreating trench (Fig. 5(a)),
ﬁxed trench (Fig. 5(b)), and advancing trench (Fig. 5(c)).
Only the regions around the subducting slab are shown. We
can see that the thickness of slab in the cross section differs
in these three cases because of the difference in subduction
angle, as seen in Fig. 4.
The slab edge ﬂow shown in Fig. 5 is interesting in terms
of the existence/non-existence of along-arc ﬂow in the sub-
slab mantle (e.g., Long and Silver, 2008). Honda (2009)
ﬁrst reported the results of this type of model and showed
that signiﬁcant along-arc ﬂow in the sub-slab mantle does
not exist unless the trench retreat is large. Comparing the
results shown in Fig. 5(a, c) with the corresponding case
in a rectangular box (see ﬁgures 2 and 3 in Honda (2009)),
we can see that the horizontal ﬂow around slab edges in
spherical geometry is similar to that in a rectangular box,










Fig. 4. Temperature structure around slab edges. (a) The case with a retreating trench (VAS = −7.5 cm/yr, VBS = 0 cm/yr). (b) The case with a ﬁxed
trench (VAS = 0 cm/yr, VBS = 7.5 cm/yr). (c) The case with an advancing trench (VAS = 7.5 cm/yr, VBS = 15.0 cm/yr). The cyan plane shows an
isothermal surface of 1000◦C. Yellow lines shows the isotherms of 400, 800, and 1200◦C on the plane with θ = 94.5◦. Time shown in the bottom-left
corner of each ﬁgure is the time elapsed from the start of each calculation.
which means the effect of Earth curvature on horizontal
ﬂow is small, at least for the parameters considered in this
study.
3.2 Flow around a plate junction
3.2.1 Model As a second example of the application
of the model, we consider the ﬂow around a plate junction
with a ﬁxed trench in a spherical shell. A schematic view of
the model is shown in Fig. 2(b). Only the model region and
trench position are different from the previous example, and
other physical properties, such as viscosity, boundary, and
initial conditions, are the same. The dimension of the model
region is 5370 ≤ r(km) ≤ 6370, 84.6 ≤ θ(◦) ≤ 95.4,
−6.3 ≤ φ(◦) ≤ 11.7, and the position of trench in φ-





0◦ at 84.6 ≤ θ(◦) ≤ 89.1
(89.1 − θ)◦/1.2 at 89.1 ≤ θ(◦) ≤ 95.4
, (22)
which means that the angle between the strike of the trench
and the direction of plate velocity at 89.1 ≤ θ(◦) ≤ 95.4 is
nearly 50◦. (Note that it is not necessary for the position of
the trench to be a linear function of θ ; it could be arbitrary.)
The size of boundary region is 100 km (r -direction) ×
0.9◦(φ-direction) for each θ . The number of ﬁnite volumes
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Fig. 5. Horizontal view at depths of 200 and 400 km of ﬂow around the slab edges for the cases of (a) retreating trench, (b) ﬁxed trench and (c)
advancing trench. Temperature and velocity ﬁelds are shown in the area near the subducting slab. An equidistant cylindrical projection is used. Note
that the scale of the velocity vectors is different in each ﬁgure. The time elapsed from the start of calculations is (a) 7.39 Myr, (b) 7.62 Myr, and (c)
5.79 Myr, respectively.
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Fig. 6. Flow and temperature around a plate junction. (a) 3D image of the temperature ﬁeld. The cyan plane shows an isothermal surface of 1000◦C.
Yellow lines shows isotherms of 400, 800, and 1200◦C on the plane with θ = 95.4◦. (b) Horizontal view at a depth of 100 km of (a). An equidistant
cylindrical projection is used. Temperature and velocity ﬁelds are shown. Flow perpendicular to the plate boundary exists in the area enclosed by the
white dotted line. The time elapsed from the start of calculation is 7.02 Myr.
used is 128 (r -direction) × 128 (θ -direction) × 256 (φ-
direction).
3.2.2 Results Figure 6 shows that the resulting tem-
perature and velocity structure. (VAS, VBS) used in this
study is (0 cm/y, 7.5 cm/y). Figure 6(a) shows the 3D tem-
perature ﬁeld and Fig. 6(b) shows a horizontal view at a
depth of 100 km. Interestingly, we see that there is a ﬂow
perpendicular to the plate boundary in the area enclosed
by white dashed line, and the magnitude of this velocity
component is much larger than that of radial velocity com-
ponent. Similar ﬂow is also reported by Kneller and van
Keken (2008) in 3D rectangular geometry.
Nakajima et al. (2006) examined the fast directions of
shear-wave splitting near the plate junction of the south-
western part of the Kurile arc and the northeastern Japan
arc. From their analysis, they suggested that mantle return
ﬂow occurs sub-parallel to the local maximum dip of the
slab. The result shown in Fig. 6 may support their infer-
ence. However, further systematic study, such as the esti-
mate of seismic anisotropy (e.g., Kneller and van Keken,
2007, 2008) is necessary.
4. Discussion and Conclusion
In this paper, we have constructed a semi-dynamic sub-
duction zone model in a 3D spherical shell and shown some
applications. Our model enables the slab to subduct by im-
posing velocities in a small boundary region so that the
number of ﬁnite volumes needed is smaller than that re-
quired for a complex slab rheology to achieve subduction-
like features, such as the narrow low viscosity shear zone
(Billen and Hirth, 2005). Additionally, the model can easily
incorporate observations such as the geometry of the shal-
low part of the slab and plate boundary. The model can
also include the over-riding plate, which is not considered
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in the “free subduction” model (e.g., Schellart et al., 2007;
Morra et al., 2009) but is sometimes important (Yamato et
al., 2009). However, the model also has a number of limi-
tations, such as an inability to handle more than two plates.
In this study, we assume that the pole of both plate motions
coincides, although this is not true in general. In theory,
such a case could be handled by splitting the plate motion
into the motion relative to the reference plate and the ab-
solute motion of the reference plate. In practice, however,
this will make the calculations dif cult because of the com-
plex boundary conditions. Despite these dif culties, our
model is useful for understanding the character of subduc-
tion zones and can be applied for a particular pair of plates,
such as the Paci c plate and slowly moving Eurasia plate.
It is obvious that our model is better on the point that this
uses a 3D sphere, which is the Earth’s geometry, and the ef-
fects of Earth curvature can be correctly taken into account.
In our examples, we do not see a signi cant difference be-
tween the results in the 3D rectangular box and spherical
shell geometry. If, however, we modeled a broader area
or deeper processes, such as the deformation of subducted
slabs that include the stagnation and the tear in the transi-
tion zone and the buckling at the CMB (e.g., Fukao et al.,
2001; Loubet et al., 2009; Obayashi et al., 2009), the differ-
ence is expected to become more signi cant, and our model
might give a better understanding of such phenomena.
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